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MEAN ERGODIC THEOREM FOR AMENABLE 
DISCRETE QUANTUM GROUPS AND A WIENER 
TYPE THEOREM FOR COMPACT METRIZABLE 

GROUPS 

HUICHI HUANG 


Abstract. We prove a mean ergodic theorem for amenable dis¬ 
crete quantum groups. As an application, we prove a Wiener type 
theorem for continuous measures on compact metrizable groups. 
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1. Introduction 

A countable discrete group P is called amenable if there exists a 
sequence {Fn}'^=i (called a right Fplner sequence) consisting of hnite 
subsets Fn of P such that 

lim -^\FnsAFn\ = 0 

n—>-00 \ rn \ 

for every s G P. 
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Let (X, B, /i, r) be a dynamical system consisting of a conntable dis¬ 
crete amenable gronp L with a measnre-preserving action on a proba¬ 
bility space (X, B, jj). 

Recall that von Nenmann’s mean ergodic theorem for amenable 
gronp actions on measnre spaces says the following. 


Theorem 1.1. [Measure space version of von Neumann’s mean er¬ 
godic theorem] j3, 3.33] 

Let be a right Fplner sequence of L. Then for every / G 

L^(X, /i), the sequence ^ ' f converges to Pf with respect to 

norm, where P is the orthogonal projection from L^(X, fi) onto the 
space {g G L^(X,/i)|s • for alls G L}. 


R. Duvenhage proves a generalization of von Neumann’s mean er¬ 
godic theorem for coactions of amenable quantum groups on von Neu¬ 
mann algebras (noncommutative measure spaces) j^, Theorem 3.1.]. 


Later a more general version is proved by V. Runge and A. Viselter |13 
Theorem 2.2]. 

There is also a version of von Neumann’s mean ergodic theorem for 
amenable group actions on Hilbert spaces, which says the following. 


Theorem 1.2. [Hilbert space version of von Neumann’s mean ergodic 
theorem] 

Let {Fn}'^=i be a right Fplner sequence of a countable discrete amenable 
group F and vr : F —)■ B{H) be a unitary representation of F on a 
Hilbert space H. Then 


lim -—- 

n^oo \Fn\ 


^ 

SGF'n 


under strong operator topology on B{H), where P is the orthogonal 
projection from H onto iLr = {x G iL 1 7r(s)x = xfor alls G F}. 

The group C*-algebra C'*(F) equals C{G) for a coamenable compact 
quantum group G with the dual group G = F. The counit £ of G 
is given by ^(^s) = 1 for all s G F. Hence Hy = {x G FT 1 7r(a)x = 
£(a)xforalla G G*(F)}. With these in mind, the Hilbert space version 
of von Neumann’s mean ergodic theorem could be reformulated in the 
framework of compact quantum groups as follows. 

Suppose G is a coamenable compact quantum group such that the 
dual G is a countable discrete amenable group F. Let be 

a right Fplner sequence of F and vr : G(G) = G*(F) —)■ B{F[) be a 
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representation of C'*(r) on a Hilbert space H. Then 

lim V 7r(s) = P 

n^oo \p 

nnder strong operator topology on B{H), where P is the orthogo¬ 
nal projection from H onto = {x G if 17r(a)x = £(a)xforalla G 

D. Kyed proves that a compact qnantnm gronp G is coamenable 
iff there exists a right Fplner seqnence {Fn}'^=i of hnite snbsets in its 
dnal G, that is to say, G is a coamenable compact qnantnm gronp iff 
G is an amenable discrete qnantnm gronp [§, Dehnition 4.9.]. 0 So it is 
natnral to ask for a generalization of the Hilbert space version of von 
Nenmann’s mean ergodic theorem to all amenable discrete qnantnm 
gronps. This is the main resnlt of the paper. 

Theorem 13.11 [Mean ergodic theorem for amenable discrete quantum 
groups] 

Let G be a coamenable compact quantum group with counit £ and 
{Fn}’^=i be a right Fplner sequence of G. For a representation vr : H = 
G(G) —> B{H), we have 

(1.1) lim V d„7r(x(a)) = P 

under strong operator topology, where P is the orthogonal projection 
from H onto ifinv = {x G if 17r(a)x = e:(a)xfor alia G A}. 


Here \Fn\w stands for the weighted cardinality of Fn- Dehnitions of 
\Pn\w, da and x(a) are in section 2. 

The left hand side of Equation (1.1) involves both representation of 
a coamenable compact quantum group G and that of its discrete quan¬ 
tum group dual G, so it illustrates some interactions between them. 

The rest part of the paper aims at an application of Theorem 13.11 
Namely, we prove a Wiener type theorem for hnite Borel measures on 
compact metrizable groups. 

A hnite Borel measure /i on a compact metrizable space X is called 
continuous, or non-atomic if /i{x} = 0 for every x G X. 

The following theorem of N. Wiener expresses hnite Borel measures 


on the unit circle via their Fourier coefficients 16 


^Existence of F0lner sequence for Kac type compact quantum groups is shown 
by Z. Ruan in 


llj . Also cf. |15|. 
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Theorem 1.3. [Wiener’s Theorem] [^, Chapter 1, 7.13] 

For a hnite Borel measure /i on the unit circle T and every z ^ T, 
one have 

1 ^ 

i'llSFTI ^ AW--” = 

n=-N 

and 

1 ^ 

N-^oo2N + l ^ J 

n=—N 

Hence fi is continuous iff 


1 


N 


lim 

N^oo 2N + 1 




n=-N 


0 . 


Where fi{n) := J^z'^djj,(z) for every n E Z are Fourier coefficients of 

p. 


There are various generalized Wiener’s Theorems (we call such gen¬ 
eralizations Wiener type theorems), say, a version for compact mani¬ 
folds 0, Chapter XII, Theorem 5.1], a version for compact Lie groups 
by M. Anoussis and A. Bisbas [H, Theorem 7], and a version for com¬ 
pact homogeneous manifolds by M. Bjorklund and A. Fish [1, Lemma 
2 . 1 ]. 

We apply the above mean ergodic theorem (Theorem 13.11) to get a 
version of Wiener type theorem on compact metrizable groups. This 
version differs from previous ones mainly in two aspects: firstly we 
don’t require smoothness on spaces, secondly we use a different Fplner 
condition. 


Theorem 14.11 [Wiener type theorem for compact metrizable groups] 
Let G be a compact metrizable group. Given a y in G and a right 
Fplner sequence {Fn\'^=i of G, for a finite Borel measure fi on G, one 
have 


lim 

n—>-OD 



aGFn 


and 


lim 

n—>-oo 


^ adFn XdG 


Hence fi is continuous iff 


lim --— 

\Fn\w 




0 . 
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Here are the matrix coefficients of the irreducible unitary rep¬ 
resentation a of G. Cf. section 2 for the precise dehnition. 

The paper is organized as follows. 

In the preliminary section, we collect some basic facts in compact 
quantum group theory. In section 3, we prove mean ergodic theorem, 
i.e.. Theorem 13.11 As a consequence, we obtain Corollary 13.71 which is 
used in section 4 to prove Theorem 14.11 
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2. Preliminary 


2.1. Conventions. 

Within this paper, we use B{H, K) to denote the space of bounded 
linear operators from a Hilbert space H to another Hilbert space K, 
and B{H) stands for B{H,H). 

A net {Ta} C B{H) converges to T G B{H) under strong operator 
topology (SOT) if Txx — )• Tx for every x E H, and {Ta} converges to 
T G B{H) under weak operator topology (WOT) if {Txx,y) {Tx,y) 
for all x,y E H. 

The notation A ® B always means the minimal tensor product of 
two C'*-algebras A and B. 

For a state on a unital C^-algebra A, we use L‘^{A,ip) to denote 
the Hilbert space of GNS representation of A with respect to <p. The 
image of an a G A in L‘^{A, cp) is denoted by d. 

In this paper all C*-algebras are assumed to be unital and separable. 


2.2. Some facts about compact quantum groups. 

Compact quantum groups are noncommutative analogues of compact 
groups. They are introduced by S. L. Woronowicz 17, 3 ■ 


Definition 2.1. A compact quantum group is a pair (A, A) con¬ 
sisting of a unital C*-algebra A and a unital *-homomorphism 

A : A -)■ A(8) A 


such that 
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(1) {id ® A)A = (A (g) id)A. 

(2) A(A)(1 (g) A) and A{A){A ® 1) are dense m. A® A. 

The ^-homomorphism A is called the coproduct of G. 

One may think of A as C{G), the 0*-algebra of continnons fnnctions 
on a compact qnantnm space G with a qnantnm gronp strnctnre. In 
the rest of the paper we write a compact qnantnm gronp {A, A) as G. 

There exists a nniqne state h on A snch that 

{h ® id)A{a) = {id ® h)A{a) = h(a)l^ 

for all a in A. The state h is called the Haar measure of G. Through¬ 
out this paper, we use h to denote it. 

For a compact quantum group G, there is a unique dense unital 
*-subalgebra Aoi A such that 

(1) A maps from ^ to ^ O ^ (algebraic tensor product). 

(2) There exists a unique multiplicative linear functional e : A ^ C 
and a linear map k : A ^ A such that {e ® id)A{a) = {id ® 
e)A{a) = a and m{K®id)A{a) = m{id® K)A{a) = £(a)l for all 
a E A, where m ■. A® A ^ A\s the multiplication map. The 
functional £ is called counit and k the coinverse of G{G). 

Note that e is only densely dehned and not necessarily bounded. If 
£ is bounded and h is faithful {h{a*a) = 0 implies a = 0), then G is 
called coamenable j^. Examples of coamenable compact quantum 
groups include G{G) for a compact group G and C*(r) for a discrete 
amenable group T. 

A nondegenerate (unitary) representation U oi a. compact quan¬ 
tum group G is an invertible (unitary) element in M{K{H) ® A) for 
some Hilbert space H satisfying that 1 / 12^^13 = {id®A)U. Here K{H) 
is the C'*-algebra of compact operators on H and M{K{H) <g) A) is the 
multiplier C*-algebra of K{H) ® A. 

We write U 12 and U 13 respectively for the images of U by two maps 
from M{K{H)®A) to M{K{H)®A®A) where the hrst one is obtained 
by extending the map x 1 —)■ x ® 1 from K{H) ® A to K{H) ® A ® A, 
and the second one is obtained by composing this map with the flip 
on the last two factors. The Hilbert space H is called the carrier 
Hilbert space of U. From now on, we always assume representations 
are nondegenerate. If the carrier Hilbert space H is of hnite dimension, 
then U is called a hnite dimensional representation of G. 

For two representations Ui and U 2 with the carrier Hilbert spaces 
Hi and H 2 respectively, the set of intertwiners between Ui and U 2 , 
Mor(17i, U 2 ), is dehned by 

Mot{Ui,U 2 ) = {T E B{Hi, H2)\{T®1 )Ui = U2{T®1)}. 
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Two representations Ui and U 2 are equivalent if there exists a bijec- 
tion T in Mor(17i, t/o). A representation U is called irreducible if 
Mot{U, U) ^ C. 

Moreover, we have the following well-established facts about repre¬ 
sentations of compact quantum groups: 

(1) Every hnite dimensional representation is equivalent to a uni¬ 
tary representation. 

(2) Every irreducible representation is hnite dimensional. 

Let G be the set of equivalence classes of irreducible unitary represen¬ 
tations of G. For every 7 G G, let G 7 be unitary and be its 
carrier Hilbert space with dimension d^. After hxing an orthonormal 
basis of we can write Lf^ as with G A, and 

k=l 

for all 1 < 

The matrix is still an irreducible representation (not necessarily 
unitary) with the carrier Hilbert space It is called the conjugate 
representation of W and the equivalence class oiW is denoted by 7 . 

Given two hnite dimensional representations a, (3 of G, hx orthonor¬ 
mal basises for a and /9 and write a, {3 as U°‘,U^ in matrix forms 
respectively. Dehne the direct sum, denoted by a -f- /9 as an equiv¬ 
alence class of unitary representations of dimension da + dp given by 
i^o fV^)’ tensor product, denoted by af3, is an equivalence 

class of unitary representations of dimension dadp whose matrix form 
is given by 

The character 7 ( 0 :) of a hnite dimensional representation a is given 
by 

dcx 

x(«) = 

i=l 

Note that x ( q ;) is independent of choices of representatives of a. Also 
|| x ( q ;)|| < da since J2k=i^?ki^?k)* = ^ every I < i < da- Moreover 

X{a + /3) = x{a) + xW), x{a/3) = x{a)xW) andx(Q;)* = x(d) 

for hnite dimensional representations a,/3. 

Every representation of a compact quantum group is a direct sum of 
irreducible representations. For two hnite dimensional representations 
a and (3, denote the number of copies of 7 G G in the decomposition 

7 



of a/5 into sum of irreducible representations by p. Hence 

a/3 = J2 

76 G 

We have the Frobenius reciprocity law 0 Proposition 3.4.] |i, Ex¬ 
ample 2.3]. 

/\J7 _ /ya_ _ 

for all a, /5 ,7 G G. 

Within the paper, we assume that A = C{G) is a separable G*- 
algebra, which amounts to say, G is countable. 

Definition 2.2. [ol, Definition 3.2] Given two finite subsets S', F of 
G, the boundary of F relative to S', denoted by ds{F), is defined by 

ds{F) ={a GFjdyeS', /5^F, such that iVf > 0 } 

U {a ^ F I 3 7 G S', /5 G F, such that > 0 }. 


by 


The weighted cardinality |F|^„ of a finite subset F of G is given 




qGF 


D. Keyed proves a compact quantum group G is coamenable iff there 
exists a Fplner sequence in G. 

Theorem 2.3. [Fplner condition for amenable discrete quantum groups] j§. 
Corollary 4.10] 

A compact quantum group G is coamenable iff there exists a sequence 
(a right Fplner sequence) of finite subsets of G such that 


lim 

n—>-oo 


IF I 

r). 7/; 


= 0 


for every finite nonempty subset S' of G. 


3. Mean ergodic theorem for amenable discrete quantum 

GROUPS 


In this section we prove the generalized mean ergodic theorem. 



Theorem 3.1. Let G be a coamenable compact quantum group with 
counit £ and be a right Fphier sequence of G. For a represen¬ 

tation TT ■. A = C{G) B{H), we have 

(3.1) lim da7r(x(a)) = P 

n^oo \F^\^ 

under strong operator topology, where P is the orthogonal projection 
from H onto iLinv = {x E H \ 7i{a)x = £(a)a; for alia G A}. 

We divide the proof into two major steps. 

Step 1. We show that = K for K = {x E W 1 7 r(x(a))a: = 
doxforalla E G}. 

Step 2 . The sequence {converges to the 
projection from H onto K. 

Proof. [Proof of Step 1 for Theorem 13.Ij 

Lemma 3.2. If a state Lp on A = G{G) for a compact quantum group 
G satisfies that </ 9 (x(a)) = for all a E G, then ip = e. 

Proof. It suffices to show that = 6ij for every a E G and an 

arbitrary unitary U = ^ «• 

Let (p{U) be the matrix ((^(m")) in Md^ifC). Note that (p is a state, 
hence completely positive. By a generalized Schwarz inequality of M. 
Choi j^. Corollary 2.8], we have 

ip{U)ip{U*) < ip{UU*) = 1. 

Let Tr be the normalized trace of Md^{C). Since (p(y;(a)) = da, we get 
Tr((p(t/)) = 1. It follows that 

0 < TriicpiU) - l){^iU) - 1)*) = TricpiUMUy - - cp{U) + 1) 

= Tr((p(t/)(p(t/)*) - 1 = Ti{p>{U)p>{U*)) - 1 < Tt{p>{UU*)) -1 = 0. 

Hence Tt{{ip{U) — l){(p{U) — 1)*) = 0 which implies that (p{U) = 1. 
This ends the proof. □ 

Lemma 3.3. Let n : A = G{G) —)■ B{H) be a representation. Then 
Ffinv = K = {x E H \ 7 r(x(Q;))a; = dQ,a:foralla E G}. 

Proof. Note that e{x{a)) = da for all a G G [l^. Formula (5.11)]. 
Hence Lfinv ^ K- 

To show K C iLinv, we can assume W 7 ^ 0 without loss of generality. 
Let a; G W be an arbitrarily chosen unit vector. By Lemma 13.21 
the state (px dehned by (px{,o) = {n{a)x,x) for all a G H is e since 
(Px{x{<^)) = da for all a E G. 
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For every a ^ A, we have 


||7r(a)a; — e{a)x\\‘^ = {Ti{a)x — e{a)x,Ti{a)x — e{a)x) 

= {7i{a)x,7i{a)x) — {e{a)x,n{a)x) — {7i{a)x,e{a)x) + {e{a)x,e{a)x) 

= {7i{a*a)x, x) — {e{a)7i{a*)x, x) — e{a){Tr{a)x, x) + |£(a)|^ 

= e{a*a) — e{a)e{a*) — \s{a)\‘^ + |£(a)p = 0. 

This proves that K C □ 


This hnishes proof of Step 1. □ 

Proof. [Proof of Step 2 for Theorem 13.Ij 

Lemma 3.4. The orthogonal complement of ifinv is 


V := Span{7r(x(Q!))a; — daX \ for all a G G, x G H}. 

We need the following well-known fact in fnnctional analysis. 


Proposition 3.5. Snppose {Tj}j is a family of bonnded operators on 
a Hilbert space H. Then the orthogonal complement of f^^gjkerTj is 

ran{T*|j G J}, the closed linear span of the ranges ranTj^ of T* for all 
j in J. 


Proof of Lemma 3.4 


Consider the family of operators {7r(y;(a)) — daj^^Q 
that (7r(x(a))-do)* = Ti{x{a))-da, so {7r(x(a)-da} 

Applying Proposition 13.51 to {7r(x(a) — da}^^Q gives the proof. 


in B{H). Note 
is self-adjoint. 

□ 


Now we are ready to prove Theorem 13.11 
For every x G i^inv and all n, we have 


1 

K 


W 


^ daTT{xia))x = 

aeF„ 



dlx = X. 

oieF„ 


Next we show that 


Y da7i{x{a))z 0 
I "■I"' aeFn 

for all z G H as n ^ oo. By Lemma 13.41 we only need to prove it for 

2; of the form vr(x(7))j/ — d.yy for every y E H and 7 G G. 
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For every y E H and 7 G G, we have 


lim -— 

n—>-00 IF 


= lim 


daTi{x{a)){n{x{'l))y - d-yv) 


«eF„ 


■( E + E )dc7r{x{a)x{'y))y - dad.y7r{x{a))y 


n^co iFniw 

' ' a£F„\d^F„ aeFr,najF„ 

fTheorem 12.31 and x(a)x(7) = x('^7)) 

= lim Y daF{x{oil))y - dadyF{x{oi))y 

n^oo ^' 

' aeF„\d-yF„ 

(“7 = E/3 gf„ ^f.7/^ when a G \ d^F^) 

= - Y do,dyF{x{a))y) 

' ' QG-F„\a^F^ OL^Fr,\d^Fr, 

i^a,y = and dy = d^) 

= lim -^( Y X] ^«^A7 ^(x(/?))|/- Y ^ocdy'K{x{a))y) 


a£Fn\djFn PeFn 


OL^Fn\djFn 


= lim -^( Y ^«^A7 ^(x(/ 5))|/ - Y \.^ + ^]^iidpF{x{a))y) 

Tl ^00 \^rn\'}n 

' ' a£F„\d^F„ PeF„ a£F„\d^F„ P&F„ p^F„ 

(Exchange a and /3 in the second term.) 

= lim-^( Y ^«^a 7 ^(x(/^))i/- Y [^ + ^]^M^o.^ixW))y) 

^ ^00 \ F r) \ '}iy 

' ' aeFn\d^FnP^Fr, (3£Fr,\d^Fr, a^Fn OL^Fr, 

(Common terms are cancelled.) 

= lim T^{ Y Y1 do.N^,p^{x{l3))y 

' ' a£F„\d^F„ PeFnnd~fF„ 

- Y Y1 ^p,i(^p^ixW))y - Y1 ^Pn(^o.F{xW))y) 


P^Fn\0'y Fn OiSFnf^d'y Fn 

= 0 . 


P&Fr,\d^Fr, a^Fr, 


Note that the last eqnality above holds since by Theorem 12.31 we have 
the following. 
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(1) 


( 2 ) 


(3) 


^11 d^Nl^n{xmy\\ 

E E 

' l3eFnndjF„aeF„ 

^ I p I d'jd^WyW —)■ 0; 

I i3eFnndjF„ 

r^ll Y1 Y1 ^Md^^ixW))y\\ 

' l3eF„\d-yFna&Fnnd^F„ 


wr ^ E 

' l3eFn\djF„aeFnnd^F„ 

ItV E E K-r^dMl 

' l3&F„\djFnaeF„ndjF„ 


^ I p I 0; 

' aGFnn9^F„ 

^ ^ iV“^rf«7r(x(/3))|/|| 

' l3eFn\djF„a^F„ 

E E ^flV»‘i->ll!/ll 

' "I"' /3gF„\9^F„«^F„ 

“TfT E E 

' /3eF„\9^F„a^F„,Ar“_>0 

E E Nl^dM\y\\ 

\J^n\w ^ o p - 
l^eOyPn a£G 

= 4^4y\\ ^0 

\^n\w p 


as n —)■ cxD. 

This completes proof of Step 2. 
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□ 



For a representation n : B ^ B{H) of a nnital C*-algebra B, define 
the commutant ti{B)' of vr(i?) by 

'k{B)' = {T e B{H) \TTi{h) = 7r(6)Tforall6 G B}. 
Corollary 3.6. In the setting of Theorem 13.11 the projection P is in 

_ QOT 

7r(A)'n 7r(v4) . 

_ SOT 

Proof. The left hand side of Eqnation 13.11 is in 'k{A) , so is P. More¬ 

over for all x,y E H and a E A, we have 

{Tr{a)Px,y) = e{a){Px,y) 

and 


{P7i{a)x,y) = {7i{a)x,Py) = {x,7i{a*)Py) 

= {x,7r{a*)Py) = {x,e{a*)Py) = e{a){Px,y). 

This proves P E vr(y4)'. □ 


As a conseqnence, we have the following. 


Corollary 3.7. Assnme that is a pnre state on A = C{G) for a 
coamenable compact qnantnm gronp G and {Fn}'^=i is a right Fplner 
seqnence of G. Then 

c?a‘d(x(a)) = I J if ^ ^ J’ 

\Fn\w ^ I U It e. 


Proof. When (p 
(5.11)]. Hence 


e, we have £(x(a)) 


da for all a G G 



Formnla 


lim 

71^00 



^ daeixia)) 

aeF„ 


1 . 


Snppose p ^ e. 

Consider the GNS representation vr^ : A —)■ i?(L^(A, (p)). We have 


lim 

n—^oo 



daP{x{a)) 

a&Fn 


= lim V d«(7r^(x(a))(i),i) 

— \FnU 

Hence lim^^o^ TaeF^ dap{x{oi)) 7 ^ 0 iff P(i) ^ 0. 

To prove lim„^oo TaeF„ daP{x{(y)) = ^ ioi p ^ e, it snffices to 
prove that P(l) = 0. 
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Suppose -P(i) 7 ^ 0. Then i^inv 7 ^ 0. By Corollary 13.hi the space 
is an invariant subspace of L‘^{A,ip). Note that is irreducible since 
(p is a pure state. Hence i^inv = L‘^{A, ip). In particular 1 G hfinv Thus 
for all a G H, we have (a)(1) = e:(a)l. It follows that 

(p(a) = (7r^(a)(i), i) = (^(a)!, 1) = £(a) 

for all a G H, which contradicts that s. □ 

4. A Wiener type theorem for compact metrizable groups 


In this section, we prove the following Wiener type theorem. 


Theorem 4.1. Let G be a compact metrizable group. Given a ?/ in G 
and a right Fplner sequence of G, for a hnite Borel measure p 

on G, we have 


lim 

n^oo 



^ ^ p(m“)m“.(i/) = p{2/}, 


and 

l/^K)I' = 

li rCXJ Y) 7/1 

ctGFn l<ij<da xGG 


Hence /i is continuous iff 


lim 


aeFn ^<ij<da 


0 . 


Here {u'ij)i<i,j<da, ^ ^do,{C{G)) stands for a unitary matrix presenting 
a G G. 


From now on G stands for a compact metrizable group. When think¬ 
ing G as a compact quantum group, the coproduct 

A : G(G) ^ G(G) 0 G(G) 

is given by A{f){x,y) = f{xy), the coinverse k : G(G) —)■ G(G) is 
given by K{f){x) = f{x~^) and the counit e : G(G) —)■ C is given by 
e{f) = /(cg) for all / G G(G) and x,y E G. Here ec is the neutral 
element of G. 

Definition 4.2. Given a hnite Borel measure y on G, the conjugate 
p of p is dehned by 

f(/) = / /(a;"^)d/i(a;) =/i(K(/)) 

Jg 
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for all / G C{G), and /i is also a finite Borel measnre on G. In another 
word, fl{E) = for every Borel snbset E of G. 

For an X G G, nse 6 x to denote the Dirac measnre at x. 

The convolution /i * i/ of two hnite Borel measures fi and u on G 
is dehned by 

*!/(/) = (/i0z/)A(/) = / f f{xy)dfx{x)du{y) 

JG JG 

for all / G G{G). For every Borel snbset E of G, we have 

y*iy{E)= / iy{x~^E) dy{x) = / y{Ey~^) diy{y). 

Jg Jg 

If either /i or i/ is continnons, then so is /r * u. 

We can write a hnite Borel measnre y on G as y = + fJ^G for 

every atom Xi with y{xi\ = A* and a hnite continnons Borel measnre 


Lemma 4.3. Let /i be a hnite Borel measnre on G and be a 

right F0lner sequence of G. Then 


lim 

n—)-oo 



^ d„/u(x(a)) = yiec). 

a&Fn 


Proof. By Corollary 13.71 the sequence Yla&Fn C G(G) 

pointwisely converges to Igg (the characteristic function of {ec})- Note 
that I < 1 for all x G G, hence by Legesgue’s 

Dominated Convergence Theorem 0, 1.34], we have 


lim -— 

n—>-00 \F 


Y] 4h(x(«)) = lim / -J— d^x{a){x) dfi{x 

y&Fn ' ' a&Fn 


aeF, 
1 


= / lim —f— daX{a){x) dy{x) = / le^ dy = yiec}. 


□ 

Proof. [Proof of Theorem I4.1j 

Given a hnite Borel measure y on G and a y E G, consider the 
measure y * l^F Lemma [4.31 we have 

lim —^ day * 5y-^{x{o^)) = y* 5y-i{eG]. 

n^oo \Fn\w 

a&Fn 


15 













Note that 


1^* Sy-i{xia)) = / / xi<^)ixz) dfi{x)d6y-i{z) 

Jg Jg 

= / X{a){xy-^) dij{x) = / V uZ{xy-^) dn{x) 

Jg 

"^G l<i<da i-<j<da 

= f Y1 ^U^)Kjiy)Mx)- 


l<i<da ^^j'^da 

Moreover 

/i*5y-i{eG} = / / leG(a; 2 :) h/x(a:)c?5y-i(2:) = / leG(a;|/“^) h/i(a;) =/x{|/}. 

Jg Jg Jg 

This completes the proof of part 1. 

Applying Lemma 14.31 to y * y, we have 


lim -— 

n—>-00 \F 


dafd * /u(x(a)) = /X * /xlec}. 


oeF„ 


Since /i = Zlxi atoms + hG with Ai = /i{a:i} and /ic a hnite 
continuous Borel measure, we have 

h = ^i^Xi + he = 

Xi atoms Xi atoms 


Hence 


/i * /i = ^ ^ Ai* 4-1 

* i 

+ Ai 4 i * Jdc + + he * hG- 

* j 

Note that ^i^xi*'P^+J2j 4hG*4-i+hc*hG is a hnite continuous 
measure and Y.i , ^i^j^xi * d -i = Y,i i ii' follows that 

/x*/x{eG}= A2= ^ y{xiY = ^y{xY. 

atoms atoms x^G 
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On the other hand, 


h*h(x(a)) = 



X{a){xy) dy{x)dy{y) 



'G JG 


G JG 


x{oi){xy dy{x)dy{y) = LL E ^)dy{x)dy{y) 


G JG 


l<i<da 



G JG 


^)dy{x)dy{y) 


l<i<doc 


EE/ Uij{x)dy{x) / u2j{y)dy{y) 

l<i<da l<j<da 

E If-K)!'- 

^<i,j<da 


This ends the proof of part 2, and part 3 follows immediately. 


□ 
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